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TURING PATTERNS IN THE LENGYEL-EPSTEIN SYSTEM
FOR THE CIMA REACTION

WEI-MING NI AND MOXUN TANG

ABSTRACT. The first experimental evidence of the Turing pattern was ob-
served by De Kepper and her associates (1990) on the CIMA reaction in an
open unstirred gel reactor, almost 40 years after Turing’s prediction. Lengyel
and Epstein characterized this famous experiment using a system of reaction-
diffusion equations. In this paper we report some fundamental analytic prop-
erties of the Lengyel-Epstein system. Our result also indicates that if either
of the initial concentrations of the reactants, the size of the reactor, or the
effective diffusion rate, are not large enough, then the system does not admit
nonconstant steady states. A priori estimates are fundamental to our ap-
proach for this nonexistence result. The degree theory was combined with the
a priori estimates to derive existence of nonconstant steady states.

1. INTRODUCTION

The regeneration phenomenon of hydra, discovered by A. Trembley in 1744 [1%],
is among the earliest and most well-known examples in morphogenesis. Attempting
to model this interesting and important phenomenon in biological pattern forma-
tion, A. Turing proposed the striking idea of “diffusion-driven instability” in 1952.
More precisely, in |T] Turing argued, in a system of two interactive substances,
different diffusion rates could lead to nonhomogeneous distributions of such reac-
tants. Although this idea was later successfully developed, on the theoretical side,
by A. Gierer and H. Meinhardt [GM] in modeling the regeneration phenomenon of
hydra, and was further verified mathematically to be capable of producing spikes
and peaks (see e.g. |N]), Turing’s revolutionary idea has never been experimentally
verified in hydra to this date.

The first experimental evidence of the Turing pattern was observed in 1990 by
De Kepper et al. ([CDBD] and [DCDB]) on the chlorite-iodide-malonic acid and
starch reaction (CIMA reaction) in an open unstirred gel reactor, almost 40 years
after the publication of Turing’s paper. The fact that there are five reactants in-
volved in the CIMA reaction makes the mathematical description very complicated.
However, observing that three of the five reactants remain nearly constants in the
CIMA reaction, Lengyel and Epstein [LE1], [LE2] were able to reduce it to a 2 x 2
system.

Let © be a bounded domain in R™, with a smooth boundary 99Q. Let u = u(x,t)
and v = v(x,t) denote the chemical concentrations of the activator iodide (I7) and
the inhibitor chlorite (ClO5 ), respectively, at time ¢t > 0 and a point x € Q. The
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Lengyel and Epstein model takes the form

ou )
1.1 — = A g 7
(1.1) ot uta—u 14+ u?’

ov uv

where A = " | % is the Laplace operator, carrying the spatial dependence of
the reaction; a and b are parameters related to the feed concentrations; c is the
ratio of the diffusion coefficients; o > 1 is a rescaling parameter depending on
the concentration of the starch, enlarging the effective diffusion ratio to oc. In
laboratory conditions, a sample of parameters is taken in the range 0 < a < 35,
0<b<8 ¢c=15and 0 = 8. We shall assume accordingly that all constants
a, b, ¢, and o are positive.
We consider positive solutions to the model subject to the initial condition

(1.3) u(z,0) = up(x) > 0, v(z,0) =vo(x) >0, z €9,
where ug, vo € C2() N C°(Q), and the Neumann boundary condition
(1.4) ou/Ov =0v/dv =0, € 9Q, t >0,

where v is the unit outer normal to 2.

Although various important experimental and numerical studies on the Lengyel-
Epstein system have been conducted in the last decade (see, e.g., [CKL [IMBD], [IS]
WS]), the mathematical progress on the analytic aspects of the system has been
very limited. The main purpose of this paper is to report some of the fundamental
properties of this system in our preliminary studies. Our main results include both
existence and non-existence for the steady states of the system (LCI)-(C4). In
Section 4, Theorems 1, 2 and 3 show that, roughly speaking, if the parameter a
(related to the feed concentrations), the size of the reactor Q (reflected by its first
eigenvalue), or the “effective” diffusion rate d = ¢/b is not large enough, then the
system (LI)—(T4) has no nonconstant steady states. On the other hand, Theorem
4 in Section 6 guarantees that, if the parameter a lies in a suitable range, then
(CI)—(T4) possesses nonconstant steady states for large “effective” diffusion rate
d. These results further verify the original idea in “diffusion-driven instability” of
Turing.

A priori estimates for solutions of (LI)—(L4) are fundamental to our approach
for the nonexistence results. For the existence, we combine our a priori bounds
with the degree theory. The drawback in the degree-theoretical approach is that
we are not able to say much about the shape of the solution obtained this way. In
[JNT] we made a better description for the structure of the set of the non-constant
steady states on the one-dimensional case.

2. INVARIANT REGION
In this section, we will show that the parabolic system (L.I))-([C4) has an invariant
region
Ra = (0,a) x (0,1 + a?)
in the phase plane which actually attracts all solutions of this system, regardless of
the initial values ug and vy.
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To begin with, we first show that the initial-boundary value problem (LI))—(L4)
has a unique solution (u(x,t),v(x,t)) that is defined for all ¢ > 0 and is bounded
by some positive constants depending on a, ug and vg.

Proposition 2.1. The initial-boundary value problem (LI)—(T4) admits a unique
solution (u,v), defined for all x € Q and t > 0. Moreover, there exist two positive
constants Cp, Cy, depending only on a, uy and vy such that

Cy < u(z,t), viz,t) <Cy x€Q, t>0.

Proof. The local existence and uniqueness of solutions to the initial-boundary value
problem ([LT)—(T4) are classical; see [E]. For the global existence and the bounded-
ness, we apply the theory of invariant region as was developed in [W]. In particular,
if there exists a region

R = (U, Uz) x (V1,Va)
in the (u,v) phase plane such that the vector field

(a—u—4uv/(1+u?), oblu —uv/(1+ u?)))

points inward on the boundary of R, then R is a (positively) invariant rectangle,
and the solution (u,v) of (ILI)—([T4) exists for all x € 2, t > 0, and stays in R.
To complete the proof, we choose
Uy = max{a, maxug(z)}, Vo= max{2+ U maxwvo(z)},
e e
and
Uy = min{a/(1 4+ 4V2),migu0(x)}, = min{l/Z,migvo(x)}.
x€ xe

Clearly, the initial functions ug(x) and vo(z) are enclosed by the rectangle. It is
easy to verify that the vector field points into the rectangle R along its boundary:
Indeed, on the left side u = Uy, V3 <wv < V;, we have

a—u—4duv/(1+u?)>a—U —4UVa >0

since Uy < a/(1+44V3), so the vector field crosses this line in the direction pointing

inside . For the other three sides, the simple verification can be done by similar

calculations. Therefore the region @ is positively invariant with respect to the vector

field. We thus obtain the global existence and the uniqueness of the solutions.
The two constants C7 and Cy can now be chosen, respectively, by

Ci = min{Ul, Vl} >0, Cy= maX{Ug, ‘/2} > 0,
which depend on a, ug and vyg. (I

We remark that the invariant region R constructed above can be arbitrarily large
because of its dependence on the initial values uy and vg. However, the set R, as
mentioned at the beginning of this section depends only on a, and it attracts all
solutions of (ICI)—(Td). More precisely, let u = u(x,t) and v = v(x,t) be solutions
of (LI)-(L4). Then there is some 7" > 0, which may depend on uy and vg, such
that (u,v) € R, for all t > T and x € Q.

Proposition 2.2. Let u = u(z,t) and v = v(z,t) be the unique solutions of (L)
([T4l). Then we have

limsupu < a and limsupv < 1+ a?
t—o0 t—oo

for all z € Q.
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Proof. By Proposition [21] there exists an € > 0 such that

< 4uv
€< —
14+ u?

forallz € Q and t > 0. We put @ = a —¢/2 and let @ = 7(t) be the unique solution
to the initial value problem of the ordinary differential equation
di

(2.1) — =a—10, u(0)=2maxug(x).
dt zeQ
Let & = u — 4. By ([[T]) and [ZI) we have

4uv
1+ u?

(2.2) — U+ At — 4= +a—a>0

and @(z,0) < 0. Then using the classical maximum principle for parabolic equa-
tions, combined with the Neumann boundary condition (I4]), we find that 4(z,t) <
0 and so u(z,t) < (t) for all t > 0 and z € €.

We next derive a comparison result for v = v(z, t) and a function o = 9(t) defined
below. We remark that the maximum principle for parabolic equations does not
seem to be directly applicable to this case, so we shall give an elementary argument
using Hopf’s boundary lemma for elliptic equations.

Let C7 be the constant given in Proposition Bl Define

§(i,0) = sup <5M>

C1<€<i 1+¢2
where ¢y > 0 and
&2 + €9 < a2.

Then the function ©(t) is defined to be the unique solution to the initial value
problem

g
(2.3) Y~ obg(a, ), ©(0) = 2max vy ().
dt z€Q

Let & = v — 9. Then (z,0) < 0 for all # € Q. We claim that 6(z,t) < 0 for all
x € Qand t > 0. Indeed, suppose this is not true. Then there exists a 7' > 0
such that 0(x,t) < 0 for (z,t) € Q@ x (0,T), and o(z,T) = 0 for some z € §). By
continuity one has

max O(z,T) = 0.

€N

Now, if there is an z; € Q such that o(x1,T) = 0, then 0;(x1,T) > 0 and

Ad(x1,T) <0, which yield

—0(2z1,T) + ocAv(xy,T) <0.
On the other hand, by (C2) and (23),

(2.4) — & + ocAD = b [g(ﬂ, 7) — (u - 1;&-—@1@)} .



TURING PATTERNS 3957

At the point (z1,T), since © = v and @ > u, we find that

R (B e R (e

C1<€<t 14¢2 Ci<é<i 14 &2
> sup ——— | > sup —

Cr<é<i <£ 1+¢2 Cr<€<u < 1+¢2
S wv

w_
e 1 T U2 ’

which gives —0;(x1,T) + ocAd(z1,T) > 0, leading to a contradiction.

If 9(x,T) < 0 for all z € Q, then there would be some z; € 9§ such that
0(x1,T) = 0. Thus the right-hand side of [Z4) is positive at (z1,T), and by
continuity it remains positive in Q' x {T'}, where ' is a sub-domain of Q and
x1 € 0. Therefore, on ' x {T'} we have

*’lA)t + ocAD Z 0.

(Note that it is not known whether or not this inequality holds in © x (0, T], which
makes the situation delicate.) Now treating (2.4)) as an elliptic equation in 0 x {T},
we see by Hopf’s boundary lemma that 0v/0v(z1,T) > 0, which contradicts the
Neumann boundary condition ([:4). Hence we must have v(z,t) < 9(¢) for all x € Q
and t > 0.
We finally consider the flow defined by the system

du dv

d_ltL =a-—1u, d—: = obg(a,v)
in . From the definition of § it follows that

G<0 when 9>14+4?4¢, and §>0 when o<1+ + e.

Thus the zero curve of § is given by @ = 1 + @2 + €, and therefore this dynamic
system has a unique equilibrium (4%, %) = (a,1 + @ + €y). By the equation of it
is clear that lim; o %(t) = a. It is therefore not hard to see that the equilibrium
is globally asymptotically stable in % and so lim; .o, 9(t) = 1 + @? + €. The
conclusion of this proposition readily follows since @ < a, a® + ¢y < a2, and u and
v are respectively bounded above by % and v. O

3. PROPERTIES OF NONCONSTANT STEADY STATES

In this section, we shall discuss the basic properties of non-homogeneous steady
states of the Lengyel-Epstein reaction-diffusion system; namely, positive noncon-
stant solutions to the elliptic system

4uv

uv
(d = ¢/b), subject to the homogeneous Neumann boundary condition
(3.3) Ou/Ov = Ov/dv =0, = € ON.

Proposition 3.1 (A4 priori estimates). If (u,v) = (u(x),v(x)) is a positive solution
to the boundary value problem BI)-33), then

2
a a 2
(34) m<u<a and 1+<m> <'U<1"‘0a7 $€Q
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The upper bounds here of course follow by Proposition directly, which how-
ever does not yield the lower bounds. One could possibly derive the lower bounds
in (B4) by using the comparison argument as in Section 2, but we prefer a simpler

and more direct proof based on an elliptic maximum principle due to Lou and Ni
[LN].

Lemma 3.1 ([LN]). Suppose that F(z,w) € C(Q x R). If w € C?(Q) N CL(Q)
satisfies

(3.5) Aw(z) + F(z,w(z)) >0 in Q, Ow/dv <0 on 0N

and w(zo) = maxgw, then F(xg,w(xo)) > 0. Similarly, if the two inequalities in

B3) are reversed and w(xo) = ming w, then F(zo,w(xo)) < 0.

Proof of Proposition3.1l If at some point in Q the function u attains its maximum
over (), then at this point we have

a—u—4duv/(1+u?) >0,

by (3.1), B.3) and Lemma[3.1] It readily follows that u < a. Similarly, if v attains
a maximum over ) at some point, then by (B2), (33) and Lemma [B1] we have

u—uv/(1+u?) >0,

implying that v <1 +u? <1+ ai
If w attains its minimum over {2 at a point, then

a <u+4duv/(1+u?) <u+du(l+a?) = (5+4a?)u,
and so u > a/(5 + 4a?). Similarly, we can derive the lower bound for v. O

For a given pair of solutions u = u(z), v = v(z) to the elliptic problem (BII)-
(B3), we denote their averages over by

i 1/ _ 1/
u=— [ u(zx)dr, v=-— [ v(x)dx,
a Jo " o Jo "

where || is the volume of .
Lemma 3.2. @ = a/5.

Proof. Write
w(z) = 4dv(z) — u(z).
By 1) and (32) we obtain

(3.6) Aw —a+ 5u = 0.
Integrating (3.6) over 2 gives
/(5u—a)dx:/Awdx: a—wdS’:0
Q Q o Ov
by the boundary condition (33)). Hence 4 = a/5. O
Let

¢ =u—1, Y =v—0.
Then [¢ = [¢ = 0. (Here and in the sequel we use the notation [ to denote the
integral over Q). If (u,v) is not a constant solution, then ¢ and ¢ are non-trivial
and must change sign in 2. Our next result shows that, however, the product ¢
has a positive average over §2.
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Lemma 3.3. Suppose u and v are nonconstant solutions of BI)-B3). Then
J o >0 and [V Vi > 0.

Proof. Rewrite ([B.0) as
—Aw = 5.
Multiply this by w = 4dv — u and integrate by parts yielding

/|Vw\2 - /5¢w
20d/q§v—5/q§u
20d/¢w—5/¢2

since p =u—1u,p =v—10vand [¢ = [ = 0. Thus we obtain

(3.7) /qsw:%d(/VwP%/&).

If we multiply (3:8) by ¢ and integrate by parts, then

5/¢2:/v¢~Vw=4d/V¢-WJ—/IV¢I27

which implies that

(3.8) /v@;-wzﬁ(/www/qﬁ).

The conclusion of this lemma follows from (3.7)) and (B.8) immediately. O

The estimate (B.4]) guarantees that there exists a constant ¢, depending on a
only such that
9, 0)| = [u— uv/(1 + u?)| < ¢,
This enables us to derive

Lemma 3.4. There exists a constant Cy, depending on a and Q, such that
(3.9) [+ [1vop <o,

Proof. By and the Schwarz inequality we have

a [1908 = [gtuvw <, [lvl< cgm(/w)w.

Applying the well-known Poincaré inequality

[ < [

where A; > 0 is the first positive eigenvalue of —A on ) subject to the Neumann
boundary condition, we obtain

1/2
d/ VY[ < epr/[0/ M (/WW) .
This gives
210
/WW < 9l e
"
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Applying the Poincaré inequality again we obtain (3.9) with
Cy = SI0(1+ M)/XE
(I

Lemma 3.5. Let (u,v) be a nonconstant solution of the problem (3I)—B3). Then
12X2 J|Vul?
32 1 16A +25 2 [ V]2

Proof. Recall that w = 4dv — u. By (B3] we have

/|Vw|2 = 16d2/|w|2—8d/v¢-w+/|v¢\2
16d2/|vw|2—/|vcb\2 710/¢>2
and so

(3.11) /\v¢|2+1o/¢2 < 16d2/|V1/1\2.

The second inequality of (BI0) thus follows.
To finish the proof, we first claim

(3.12) 4d2/|v¢\2 :%/|v¢|2+§/¢2+5d/¢¢.

Indeed, continuing the calculation above we find that

16 [ (vof = [[vuP+ [196P 10 [ o2

and using (37) we get

16d2/\Vw|2 :/|v¢|2+5/¢2+20d/¢w,

which is exactly (312).
We next recall the elementary Cauchy inequality: for any given real numbers &,
¢ and k > 0,

1
(3.13) €< & +nC
Now, from (BI2) and &I3) it follows that

4d2/|v¢|2 - /WW /¢2 120, /¢2+3d2A1/¢2
[1 ( 12 )/A ] /|V¢|2+3d2/lvw|2
Hence

(3.14) dQ/IVwIQ < E+( o )//\ ] /|V¢>|2

(3.10) < 16.

establishing the first inequality of (BI0). O

Lemma 3.6. Let (u,v) be a nonconstant solution of the problem (BI)-B3). Then
123 Vo|* + ¢°

(3.15) ! J (IVoF + %) < 16.

M+ 1) (BX + 150 1 25) & ] (VO +92)
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Proof. By the Poincaré inequality we have

/(WW ) < O+ 1>/A1/\W|2.

This, together with the first inequality of (B0, implies the first inequality of
(BIH). The second inequality of (315]) follows from (3I1)). O

4. NON-EXISTENCE OF TURING PATTERNS

Several non-existence results for the nonconstant steady state solutions will be
given in this section. In brief, our theorems show that the chemical reaction creates
a Turing pattern only if the parameter a (related to the feed concentrations), the
size of the reactor (reflected by its first eigenvalue A1), and the effective diffusion
rate d = ¢/b are suitably large.

The non-existence results also play a critical role in obtaining the existence
theorem for larger parameters in Section 6.

Theorem 1. There is a constant dy = do(a, A\1) > 0 such that the problem [BI])—
B3) does not admit a nonconstant solution for 0 < d < dy.

Proof. Multiplying ([B2) by % and integrating by parts we derive

A T e
foor [ (i via) e [ (i)
From the a priori estimates in Proposition B-1] it follows that
d v < [l - [ 1L
< [lovl - Cata) [ 02

Applying the Cauchy inequality and the Poincaré inequality we have

(4.1) d/|vw|2 < 0—12/¢2 < G /|V¢\2
40y — 4Co)\ ’

which, in turn, implies that

2 d 2
(4.2) / Vo< / VP2,
by BI0), where

IN

N

Cg(d))\l
dy = d, Al) = —5—.
0 o(a, A1) 402(a)
Clearly, if d < dy, then [ |[V1|? = 0 and thus | |V¢|? = 0 by (3.10) again. Therefore
|[Vo| = V| =0 over 2, and u and v must be constants. O

We remark that for a given a it is very involved to get a good estimate for the
constant dy derived above. Nevertheless, if a is not very large, then we can obtain
a much simpler estimate using a different approach.
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Theorem 2. If a®> < 75, then the boundary value problem (BI)-(33) does not
admit any nonconstant solution if

1 8a 25
4.3 s 2
(43) d 5 a
In particular, there is no nonconstant solution for all d > 0 if a®> < 125/8.
Proof. If we multiply (3)) by (1 + u?)¢, then
PAD + u2PpAP + (a — 1 — ¢)p + (a — u)u’¢p — 4uvg = 0.

Integration by parts gives

[ivop = - [vaeo)-vo- [+ [a-wito-1 [uvs
= /(2u¢+u2)|w|2/¢2+/¢>[(au>u2f;cﬁ]
—4/¢(uv—ﬂ17)
= ;/(2a—15u)uv¢|2—|—/¢2< u +4€u+%a —1)
—4/1)@52—4—5“/0;1/).

a? 4a 4 8a?
% — 1suu < o, w4yt Sa2<
(20— 15uju< 3, —u'+ Fu+t 320 < o

As

and v > 1, this leads to

/|V¢|2s$;/|w|2+(—5)/¢ - v

Applying [B7) to [ ¢ we obtain

(4.4 Jivor <& [iver+ (e -s-24) [

Now, if a® < 75 and (@3) holds, then for a nonconstant solution (u, v), we conclude
that [|V¢[? < [|Ve|?, a contradiction. Thus ¢ = 0. O

If we fix a and d, then Theorem [l also gives the non-existence for large \;. To
see this, recall that dy = C'(a)\; for some constant C'(a), so taking A; suitably large
one can make d < dj.

Moreover, our next theorem provides a stronger result than the observation
above: If \; is sufficiently large, then the non-existence holds for all d > 0.

Theorem 3. There is a constant A = A(a) > 0 such that the problem (31)—(B3)
does not admit any nonconstant solution if A\ () > A.

Proof. Multiplying equation (BI) by ¢ and integrating by parts we have

o - (oot
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Since

/1+u2 ¢
uv uv uv uv uv uv
z/ - + - + ——— )¢
1+w?2 14+w?2 14w?2 14+uw?2 1442 1+u?

. 2, av(u + u) 2
/1+u2¢ /1+ 2 PV~ /1—|—u2 1—|—u2)¢’

it follows that

4uv(u + u) 4u
Jvor s / A+ a)(1+ @) o= [ o

Applying the a priori estimates in Proposition Bl we obtain the estimate

(4.5) [wor<c [#wc [lou

where C' stands for a generic constant depending on a in this proof, which may
differ from line to line. By the Schwarz inequality and the Poincaré inequality we
have

[ 1001 < </¢|2)1/2 (/W)m <t (/v¢|2>1/2 (/ww?)m.

Consequently,

[1ov1 < oxi¥2ae [ vap,
by ([41). Combining this with (A35) we find that

(4. Jiwer<$ (14 gogs) [ 1902

Now, if d is not small, say, d > 1, then by choosing A so large that for \; > A,
< (1 +/\1‘1/2) <1
1

we can make by [8) [|V¢[? = 0, which forces u and v to be constants. On the
other hand, if d < 1, then we can choose A1 so large that dy > 1, which gives the
non-existence again by Theorem [ O

5. TURING INSTABILITY

Let

4uv (u, ) uv
—_— U, V) = U — ———=.
14 u?’ gt 14 u2

Then the Lengyel-Epstein system ([CI)—(L2) can be written as

(5.1) flu,v) =a—u—

ur = Au+ f(u,v), v =0 [cAv+ bg(u,v)].

A constant steady-state solution (u*,v*) of this system subject to the Neumann
boundary condition ([I4) satisfies f(u*,v*) = g(u*,v*) = 0. Hence (u*,v*) is
unique and is given by

(u*,v*) = (a,1+a?), a=a/5.
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Observe that f,(u*,v*) <0, gy(u*,v*)>0and g,(u*,v*)<0.If
Fulu,v%) = (302 = 5)/(1 4+ %) >0,

then we call u an activator, v an inhibitor, and the system ([I)—(T2) an activator-
inhibitor system. Clearly this is fulfilled if

(5.2) 302 — 5> 0.

We say that this constant solution is Turing unstable if it is stable in the absence
of diffusion, and it becomes unstable when diffusion is present. More precisely, this
requires the following two conditions:

(i) It is stable as an equilibrium of the system of ordinary differential equations

du dv
(53) E = f(ua ”U), ﬁ =ob g(uav)'
(ii) It is unstable as a steady state of the reaction-diffusion equations (ILI)—(2)
subject to the homogeneous Neumann boundary conditions.

Using the ODE theory we can easily find a sufficient and necessary condition for
(i). The Jacobian matrix of (B3] evaluated at (u*,v*) is

_| ] f
S = [obzo oblgl}

where
302 -5 4o 202 «
(5 ) fO 1+Oé2 ) fl 1+O[2’ 9o 1+Oé2, g1 1+O[2
Since
det J
(5.5) = fog1 — figo = 5a/(1+a®) >0,

ob

the eigenvalues of J have negative real parts, and so (u*,v*) is diffusion free stable,
if and only if traceJ = fo + obg; < 0, or equivalently

(5.6) 3a? — 5 < oab.

Combining (5.2) and (5.6), we find that the condition

(H 0<3a®?-5<oab
makes the model (II)-(L2) a diffusion-free stable activator-inhibitor system.

We next derive a sufficient condition for (i) above. Let 0 = Mg < A1 < Ao <
A3 < --- be the sequence of eigenvalues for the elliptic operator —A subject to the
Neumann boundary condition on €2, where each \; has multiplicity m; > 1. Let
¢ij, 1 < j < my, be the normalized eigenfunctions corresponding to A;. Then the
set {¢;;}, i >0, 1 <j < my, forms a complete orthonormal basis in L*(Q2). If

302 -5
1+a2’

then we define i, = i4(a, Q) to be the largest positive integer such that

(5.7) A< fo=

A < f() for 1 <ig,.
Clearly, if (5.7) is satisfied, then 1 < i, < co. In this case, we let
~ [0 /\Z + 5

(5.8) d=d(a,9) = 12157, G, &= L+a? Ni(fo— i)
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Then the local stability of (u*,v*) can be summarized as follows:

Lemma 5.1. Assume (H) holds. If \1 > fo, or A1 < fo and 0 <d =¢/b< d, then
the constant steady state (u*,v*) is asymptotically stable. If \1 < fo, and d > d,
then (u*,v*) is unstable.

Proof. Consider the linearization operator

(At f1
7 obgy ocA + obgy

where fo, f1, go and g1 are given in (5.4). From the standard linear operator theory
(or Theorem 1 of [CH]) it is known that if all the eigenvalues of this operator have
negative real parts, then (u*,v*) is asymptotically stable, and if some eigenvalues
have positive real parts, the (u*,v*) is unstable.

Suppose (¢(x), ¥(x)) is an eigenfunction of L, corresponding to an eigenvalue
. Then

(Ap+ (fo — wo+ fry, ocAy + abgog + (obgy — p)v) = (0,0).
Letting
¢ = > a;j¢i; and Y = > bijbij,
0<i<o00,1<j<m; 0<i<ool<j<m;
we find that
> (fo — i h ) (%‘) ¢ij = 0.
0<i<oo 1< j<m; abgo obgy —och; — bij

It readily follows that u is an eigenvalue of L, if and only if for some ¢ > 0 the
determinant of the matrix is zero, that is,

1+ Piu + 0bQ; = 0,
where
Py=(1+0c)\i — (fo+0obg1) = (1 +0c))\i — (36> =5 —cab) /(1 +a?) >0

by (54) and condition (H), and

e
(5.9) Qi = (fo = Ai)lgr — dXi) — figo = dXi (\i — fo) + 75 (A +5)
since ¢ = bd and fog1 — figo = 5a/(1 + a?). Clearly, Qo > 0 for Ay = 0. Now,
if Ay > fo, then by (B9) Q; > 0 for all ¢ > 1. This implies that Re u < 0 for all
eigenvalues u, and so the S‘Eeady—state (u*,v*) is asymptotically stable.

If Ay < foand 0 < d < d, then
XNi<fo and d<d;, i€l iy

It follows that @Q; > 0 for all ¢ € [1,i,]. Furthermore, if ¢ > i,, then A; > fy and
Q; > 0 by (B3). The argument leads to the asymptotical stability of (u*, v*) again.
Finally, if A\; < fo, and d > d, then we may assume that the minimum in ER)
is attained by k € [1,i4]. Thus
d > dg,

which implies Qx < 0, and so the instability of (u*,v*) follows. O
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6. EXISTENCE OF NON-HOMOGENEOUS STEADY STATES

In view of the non-existence results for small diffusion coefficients in Section 4,
it is particularly interesting to know if (LI)—(L4) admit non-homogeneous steady
states when the system parameters take on larger values. We shall give a positive
answer to this question in this section, using a standard approach based on the
Leray-Schauder degree theory for compact operators in Banach space.

We first reformulate the system B.I)-(B.3)) in the framework that the degree
theory can be easily applied. Let & = v —a, o = v — 1 — o?. Then @BI)-([32) is
shifted to

—At = fou+ f10+ fa(@,0),
—d AV = 90ﬁ+911~1+92(ﬂ76)a
where fs and go consist of higher order terms of 4 and ¥. The constant steady state
(a, 1+ ?) is thus shifted to (0,0), and the region R, defined in Section 2 becomes
the rectangle
S={(0,0): —a <@ <da, -1 —a? << 24a?}.

For w € CP(Q), B € (0,1), let u = G(w) be the solution to the boundary value

problem of the linear elliptic equation

ou

—Au+ fou=w in), — =0 on 99,
ov
and let v = G4(w) be the solution to the linear problem
—dAv —giv=w in Q, 9 =0 on 09,
v

where fo = (32> —5)/(1+a?) > 0 and g1 = —a/(1 + a?) < 0. By the standard
existence theory of linear elliptic equations, u and v are uniquely defined, and by
the Schauder estimates u, v € C?*8(Q) and the mappings G and G are continuous
and compact. Let

— ou Ov
— . 1+B _— = — =
E = {(u,v) : u,v € C"TP(Q), % =~ By 0 on 00},
and U = (@,?). Then the problem [B:I))-([3-3) can be interpreted as the equation
(6.1) U = K(d)U + H(U)

in F, where
K(d)U = (2foG(@) + LG (D), goGa(t))

is a compact linear operator on E for any given d > 0, and

H(U) = (G(f2),Gal(g2)) = o(|U])

for U near zero uniformly on closed d sub-intervals of (0,00), and is a compact
operator on E as well.

Theorem 4. Assume (H) holds. Suppose \1 < fo < Ao, and A\ has an odd
multiplicity. Then for any d > dy the problem BI)-B3) possesses at least one
nonconstant positive solution.
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Proof. By Proposition 2.2 or Proposition[31], equation (6.1]) has no solution on the
boundary of S. Thus the Leray-Schauder degree deg(I — K (d) — H, EN S, 0) is well
defined, and by the homotopy invariance it is a constant for all d > 0. We claim
that

(6.2) deg(I- K(d)— H,EnS,0)=1, d>0.

To prove (6.2), we recall that if (0,0) is an isolated zero of I — K(d) — H and
the linear operator I — K(d) is a bijection, then
(63)  deg(I— K(d)— H,ENS,0)=i(I — K(d),(0,0)) = (~1)”,
where p is the sum of the algebraic multiplicities of the positive eigenvalues of K (d)—
I. Note that if p is an eigenvalue of K (d) — I with a corresponding eigenfunction

(¢,1), then
—(k+1)Ad = (—p+1)fod+ fie),
—d(p+1)AY = gop+ (1 +1)g19.
As in the proof of Lemma [B5.1] we use the Fourier expansion

¢ = Z a;;¢;; and P = Z bijdij-

0<i<o0,1<j<m; 0<i<ool<j<m:
Then > o<i<oo 1<j<m, Bi (Zij) ¢ij = 0, where
<i<oo,1<j<m; i
B = ((—u + Do = (+ 1) fi ) |
' 9o (p+Dgr —d(p+ 1)\

Hence the set of eigenvalues of K (d) — I consists exactly of all roots of the charac-
teristic equation

fi90

6.4 AP+ 2N+ N — fo — =0
(6.4) (fo+Xi)p™ +2Xip + Xi — fo Dy —an
where the integer i runs from zero to oo. By (E9) we find that here the constant
term is
Ni— fo— figo Qi

d\i — g1 B dhi — g1
Since fo > 0 and gy < 0, it is clear that K (dy) — I and the operator L, defined in
Section 5 have the same number of positive eigenvalues.

By Theorem [l we may find dy > 0 sufficiently small such that (6.]) has no
solution other than (0,0) in S. By Lemma BJ] and the discussion above we can

make the linear operator I — K (dp) a bijection with no positive eigenvalues. Hence
from (@.3) it follows that

deg(I — K(d) — H,ENS,0) = i(I — K(do), (0,0)) = 1,

and (62) is established.

Now suppose for contradiction that there exists d > d; such that BI)—-(B3)
does not admit any nonconstant solution under our assumption. Then (0,0) is an
isolated zero of I — K(d) — H in S. We shall show that this would imply that the
index (I — K(d),(0,0)) = —1, which gives the desired contradiction to (62) and
completes our proof.

Since fo > A1, we find that Q1 < 0 for all d > d;. Let ¢ = 1, then (G.4) has one
positive root, say, 1 > 0, and a negative root. With our further assumption that
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fo < A2, we have @Q; > 0 for all ¢ > 2. Therefore, when ¢ > 2, the characteristic
equation (G.4]) has no roots with non-negative real parts. We conclude that K(d)—I
has exactly one positive eigenvalue py > 0, and all other eigenvalues have negative
real parts. Thus (6.3) is valid for all d > d;, with p being the algebraic multiplicity
of py:
p=dim| Jker A", A= K(d)— (u +1)I.
i=1
Using some standard argument we shall prove p = my, which clearly yields

i(I — K(d),(0,0)) = —1 since my is assumed to be an odd number. Indeed, as p;
is an eigenvalue of K(d) — I, the discussion above shows that

_ fi _ :
ker A = {<(,U/1 _ 1>f0+ (,ul +1>)\1> (rbl]? 1<5< ml}'

Thus p > mq = dimker A. It is now sufficient to prove
(6.5) ker A% = ker A,

since this implies ker A* = ker A for all i > 1, yielding immediately that p = m;.

It is known that (63) holds if and only if ker A N Range(A) = {0}. Let A* be
the adjoint operator of A, then Range(A) = (ker A*)*. Let (¢,%) € ker A*. Then
K*(¢,¢) = (p1 + 1)(¢,¢), where K* is the adjoint of K. This gives

2f0G(¢) + goGa(¥) = (p1 +1)¢
and

[1G(¢) = (p + )¢
By the definition of G and G4 we obtain

—df1(p1 +1)Ag fo® + fui),
(1 + DAY = fip— (u1 + 1) for,

where

fo=2dfofi + (1 +1)figi, [y = figo — 2(p1 + 1) (fogr + df3).

Using the same Fourier expansion for ¢ and 1 as above we have B} (Z” ) =0,
ij
where 0 < i < 00,1 <j <m;, and
B — <f¢—df1(ﬂ1+1))\i fu ) '
’ fi —(p +1)(fo + i)

If we replace p by p1 in the matrix B;, then it can be verified that det B} = f; det B;.
Hence det B} =0, and det B} # 0 for ¢ > 2. It follows that

ker A* = {<(,u1 * 1)]55\1 +fo)) ¢, 1 <j<mq}.

Since
(1 — 1) fo + (p1 + DA+ (1 + 1) (A + fo) = 2(u1 + 1)A1 + 21 fo > 0,

we conclude that ker AN(ker A*)* = {0}, which leads to p = m; and a contradiction
to (6.2). This completes the proof. O



TURING PATTERNS 3969

One can easily extend the argument in the proof of this theorem to obtain a more
general result without assuming fo < Az, but the statement can be complicated
since d;, defined in Section 5, is not monotone as a function of i. We shall leave
the details to the interested readers.
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